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| Defin’r(:lon

'D@n'r&xon 4.(.1

Let ceAsR and let fﬂ\—ﬂk be o.fwcﬁovx.

A ’ﬁmzhon -feo 1S Said to be continuous at x=c 'I'F 7ll_v:lc 5’60 =f(c>,
Ideas - © “"Ta oqe!
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e cuvve does NST

—_ bveak u—F at He 'Fo‘wtt ~x=c !
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Fuarthermore , if a f/\wcl:iom f= A —-R is continuous at every 'Foivvb in A,
then ‘f is Said to be continuous on A.

et h=%-c , ie. x=c+h
When % tends to ¢ . h tends to O

_l'herej’ore , we have ancther 'fo\fw\ulaﬁon :

A 'f«wc‘bion ‘fm 1S Said to be cortinuous at ==c rf J\Iz\ -f(c-d«) =Je<<:) .



4.2 EmwrFles
va\r(e_ 4.1

Let :de—HR be a f\mchon deflv\ed ba fm=x+|.

We have : @ ii_g\lf(x)=’(tl_v’v}x+l-2
® -fm=m+| Y

" f'(s corbinuous ot == .

Em.mr(e. 4.2.2
Let f=R—ﬂR be a :fw\chon defmed ba

e D

. X£O

‘ :
We have fig oo« fim, S22 -1
Recall :
Rewvite :

Em.mrle. 4.2.2

|f -fbo={£-‘ i el
[-x zf <
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® lim_feo = lim_ (-
b &) x>
® —"jco =-l=0

0
O

. f R conbinuous at w=1.

. f is combinuous ot % =0 unless JJ.';"of"‘”f“” ,ie a=l .

dpeFoo L and oddy B Lm0 = fnFoo - L
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A —ﬁw:aon -fw 18 Said +to be cortituous at x=c rf lim, 5o = li 0 = o

T
\%‘A y=feo
S > X




E«zmr[e 4.2 .4
Absolxte \alwe : lxl=l2

ForexamFle.-
2l=[F -[-3
lol = Jct = lo =0

2l = Jay =49 = 3

(SamFla sreakinj : throw away the V\eja'(:ive. sign )

A
= x|
Rewrte xl as a 'Fiecewise de_ﬂv\ed -jwscﬁon . S
rd T X2 0
==
Ev & T > <O
>
Ue. kave. :

© Jémo*f(jo = 1'2—':\6’ * =0

® lim $0 = lim -% -0
AS>O ASO

® -fcc.) =0

=l is continuous at x=o.

Theorem  4.1.1
G
(f fw ond 3@0 are continuous at x=c , -then feotjeo j?c-x)jeo , 3{1) (3@;&0) are corttinuous
at x=c os well.
. 'Po(anomia( fw\c(:uons and exl:oneweia.( jw\c(ﬁons are.continuous everawl«ere.
. T\’Bonome:bric fund',lovs and |r>jav-'rl:hmic f\mct\ons are corttinuous  at every 'Point where 'H\ena

lf 3(-:0 is conbinmous  at x=c and feo is continwous at xej@) ,then f‘s(ao) is_continuous at «x=c.

(That ‘s wbu.é we u\swall\a_ have. il_r:\c. -f(c) as we u\s«m.ﬂ:a looklv\3 at continuous fmc'(:ion.)



Ecamr(e. 4.2.5

Let j’-ﬂk-—»’k be a function such that
i 3”— ® conbimous at O .

i fema) = feo+f  Foc all =y .
Show Haat :

o Fer=o;

b) j‘ s continumons evevvawkex'e. .

'Frbof :
Q) ‘-Pw&ivxs x=a=o ,
f(o+o) = -f(o) +79<o)
'f(o) = ’).'f'm)
f@ =0

'o) f . covbiwows abt. © = ',l\i—v:°f(o+k) = f(o)
= J\’,";’;'F“‘) - fcm =0
Let x.eR .,
vlz:; 'F(iﬂln) = pl\i::;['ﬁ(xo) "'fd’"] (?wrwfa cf —f)
= f(-x,) + kv_:;f(k)
- :f(’“)

S F 8 conbinmeus  everyuhere .
§ £

4.2 Se%uewha( Critevion for‘ Cowanmvﬁ“:g

Theorem 4.2.1

P\fw\cﬁonf is continuous at =x=c lf and m\af
fvor- every Sequence {fad with anfc VYneN and v!_i_v.'n“an=c,
we have lim_ fm.o = 32(.!('!:‘@-“") =f<e>.




B@wrF\e 4.3 |

Think = Find Jim_ i*;'g
How did we do 2

el 1
® n!'m 43y 4

: Nt @ J o
® J\Lv)nce a3 n-—un 4n %3 AL T2
So _in 3enem|, ) means J\l_v)v\“ 'f(a.) = f(kgaan) , wha t s true ?

. _ . -1
Cons»eler a,\-%us e l«\ave n!m Q=

Also , we know f(x)-& is corttinuons at -+

lim _f@n = Fl_a0

lim |1 -_-_J—-‘E ='l§

NSONLNWHD

ExawrFle. 432
Com%“leler

ftz):-{‘ tf e . and WS
(] *} X#0

Note : § is NST combimmous at x=0.
lin F@d> < fuy F) = im0 = o

f(kywan) - feor=1

Jin Fa> # Ff 2




4.4 Contiruous on [a bl

Definiction 4.4.1

Let §:la.bl—®k

§ 15 said 4o be comtiwous at xsa :f iird;fwrfca);
-Je ig said to be contimous at x:b »f elgi-'»'t;fe‘)='f<b‘

%“ ‘g’fw Clo,‘fd:))

(IQe, camst ~alk  about
Iim_-j?(x) ard  lim Fe0 1)

A

Furthermore | if a fwcbiom fﬂ:a,b:l —-R s continuous at every 'Fo‘m—b % €la,bl,
then 'f is Said to be continuous on [a,bl.

Theorem 4.4.1 (lnkermediate Value Theorem )

Suppese that § 15 continuous on Tabl and  Ffa < oo
Furthermore |, r‘j’ | eR such that fcm< L<fdo).

then there exists  (at least one) ¢ e(a.b) such Haat f(c)=L.

Similar vesute  holds for -f(a) > >f(|o) o (What s e "Fid:wre 2)



ExamFle 4.4\

Let $o0 -

© F=1<2<h =%

@ § is cotinmous on L1.2] Cla foct . on R

'&6 lrbemediate Value Theorem , theve exists ce((,2)  such “+hat -f<c>=c‘=1.

c s Ax L&a defivx‘r(:iov\ {

Ll (estimates )

We can -fw-&l«er detain a better estimation L)la'-
® Take the m‘n&-?o‘w\'b cf Ll e IS

(@) f((.'s) =225 > . 225

® Fw=1<2 <225 =Fus) -

1 | ,
LR 15 > o

N
T
|
|
|
|
|

L l<fX<Il8

'ReFeatbinj aﬂa‘w\ and aﬂain +o obtain better and better estimation .
l’E is well-known as  mebred cf Bisecﬁcwg

ExamPle. 4.4

et —fd:o,(] —>R be a contiuous jQAm-how Such Ahat jl(o) =f<n.
Pove that thee exsts celo4l such Hhat Fo =flesd.

Let g0 = -f(x) -f(x+J2-) which s cortinueus on Ta.b] -j’(c):-j’(u-?)— / /\

S(O) = f(p) - -f(—g) f(p) = f(u)
j(Ji) s f(-‘,:) --f( b = -gw

There ore 3 cases :
® gor=o . done ! (Take c=0)
® 8(03 >0 , then g('%)< o } lrtermediate \Value Theorem

® %(o)<o , then g&-‘,—_bo = 3 celo,%) st. 3((:):0

jl:)—f(c-(--{-) =0
Le. f@ =f(c+-.§_—)



ExamP’e. 443
Let fbo=f’+‘m€+cx+d where b,c.d eR.
Prove that the esimbon jco=o has at leost one veal vost.

:f(x) bt +exad

=£(l+%+%+%)
h+%+% o

We can choose p>0  Such -that rf Lepo, o e L
Similar‘a,we. can  choose g<o Such that rf ':L=q ,

Then 'f(i)< (o) <f("l>) .
8y
(’F,‘E(P))
7 /\ / What s the 3ml>k cf 3=feo 2
%\y P > % Red ? Green?
Pswawala, 'H'ea at the x-axis !

(j,‘f(i))

'f 1S continuous  on EC(‘,'P] .
B‘& lrbermediate \alue Theorem , there exsts %o €(q . P) Such that -fbt.)=o

Remark.:
0 'B% fac(:or +theovem, (x-x) Is a foctor cf -feo.

2) This 1dea can be Sev\emlrzeql +o any 'Fol«avxowﬁal —fco wrbh odd clejre.e.

4 5 TRelative and Absclste Extrema
’Dejw(:zon 4.5,
'f has an dbsolute  maximum ( \resF. minimum ) ‘l>o'(vd: at a f
0sf@  (resp. £60 > f@ ) v al x wm the domam :
foofw G foo x5 f
f kas a YeJattlve, maximuwm (Y‘eSF mivﬂmum) ’Fo'(vd‘, at a wf
0 sf@  (resp. 60 2 f@) ) v al x m a neighborhood a .
foofw  Cep foo=5 horresd.of




dea : velative  maxivaum
L =
/ \ 4§
7

Nete : No absolute maximum
) W this case .

/‘ 'K velative  mivimum
dbsolute  minimum

Remark :
D) Ue Slwal\& use  maximum [ winimum  to \r'efar' relad:lve_ MmAaximum [ winimam .

2)  Bbsolute maximum / minimum are also  called Slolml maximum [ minimuam_ .

Theorem 4.5.1 (Maximum - Minimum Theorem )

Let f=|:a,\o:| — TR be a continuous fMV\Ct'IOV\.
Then -j- lhas an adbsolute maximum and an  adbsolute  mivimun on [abl.

[6 Absolute ma‘ﬂmu\m ‘6
A A
a\osOlu‘Ee maximum
| |
| |
| G\\o&olu‘&e I
: minimum | > ' :
: ! : !
L ! . !
" s x " } > <
a ) b a b

G\BSolu‘Ee wminimum
Rbsolute  maximum / minimum may be attained

at the bouw\da.na 'Fo'm‘& cf Ea.b].

Main %Aesbcm : Given a fwxcblon , how to fw\d all absclute / relative.  extrema
'Difﬁever\'ﬁa'(:ion 'Fruvicles a 'Foue-:'iul ool -fov- “at .



